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ABSTRACT. We prove sharpness of quantitative unique continuation results for solutions of — Ah + W ■ Vu + Vu = Au, 
where A G C and V and W are complex- valued decaying potentials that satisfy |V(.v)| < (x) and |W(jc)| < (x)~ p . For 
M(S) = inf ||h|[ L 2( S i x )), it was shown in a companion paper that if the solution u is non-zero, bounded, and k(0) = 1, 

then M(R) > exp (-CR^ 1 (logft)- 4 ^ 1 ) , where j3o = max ^2 - 2P, , lj ■ Under certain conditions on N, P, A, and 

the dimension, we construct examples (some of which are in the style of Meshkov) to prove that this estimate for M (R) is 
shaip. That is, we construct functions u,V and W such that — Au + W ■ Vu + Vu = Ah, |V(jc)| < (x)~ N , \W(x)\ < (x)~ p and 
\u(x)\ < exp f-c|x|A> (log \x\) C J . 

1. Introduction 

In the companion paper J6), we established quantitative unique continuation estimates at infinity for eigenfunctions 
of the magnetic Schrodinger operator. That is, we studied the growth of solutions to —Am + W ■ Vu + Vu = Am, where 
A G C and V and W are complex-valued potentials that decay at infinity, and established a lower bound for the function 
M(R) = inf 1 1«| 1^,2 (b,(v ))- I n m i s P a P er > we will show that under certain conditions on A, V, W, and the dimension, 

we are able to construct examples to prove that our lower bounds for M(R) from (6 1 are sharp. If V and W do not both 
decay too quickly, these examples are done in the style of Meshkov. Otherwise, the constructions are much simpler. 



Recall that (x) = y 1 + |jc| . Let A G C and suppose that u is a solution to 

-Au + W- Vu + Vu = Am in E", (1.1) 

where 

|V(jc)| ^(jc)-", (1.2) 

\W(x)\<A 2 (x)- p , (1.3) 
for N,P,A\,A2 > 0. Assume also that u is bounded, 

||«IL<C , (1.4) 

and normalized, 

m(0)>1. (1.5) 

f 4 - 2N 1 

Define p c = max < 2 — 2P, — - — >, j3o = max{/3 £ , l}. For large R, let 

M(R)= inf \\u\\ L 2 iBl(xo)) . 

The following theorem is the main result of J6]. 

Theorem 1. Assume that the conditions described above in ( li-iD -l TO! ) hold. Then there exist constants Cs{n), 
C 6 (n,N,P), C 7 (n,N,P,Ai,A 2 ), R (n,A r ,P,A,Ai,A 2 ,C ), such that for all R > R , 
(a) ifP c >l(Po = Pc), then 

M(R) > C 5 exp (^-dR^ilogRf 6 ^ , (1.6) 
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(b) if fi c < 1 (po = U then 



M(R) > C 5 exp (-C 7 R(logR) 



Qloglogfl 



(1.7) 



The next theorem shows that, under reasonable conditions, there are constructions that prove that Theorem Q] is 
sharp (up to logarithmic factors). 

Theorem 2. For any AeC, N,P > chosen so that either 

(a) /3o = [5 C > 1 and n = 2; or 

(b) /5 C < 1 andX £R> , 

there exist complex-valued potentials V and W (at least one of which is equal to zero) and a non-zero solution u to 
f li.il ) such that 

\V{x)\<C(x)-\ (1.8) 
\W(x)\<C(x)- p . (1.9) 

Furthermore, 

|MW|<Cexp(- C |x|ft(log|x|) A ), 

for some constant A € {—1,0}. 

To prove Theorem |2]|a), we will use a construction similar to that of Meshkov in |fl9l . However, to account for 
eigenvalues and decaying potentials, our construction is even more complicated. The proof of Theorem[2]|b} is much 
simpler; it relies on a lemma which is proved by mathematical induction. The idea behind the constructions for 
Theorem |2](b|i is based on the following observation: For A G C with argA € [—n,n) \ {0}, the function U\ (r) = 
exp (sgn (argA) \/— Xr) satisfies an equation of the form ( II. Il l with either V = Cr~ l and W = 0, or V = and W = 
Cr~ l . Furthermore, \u\ (r)| < exp(— Cr). We then notice that if we add a carefully-chosen logarithmic term to the 
exponent of u\, this new function satisifies equations of the form (II . lb with a potential that decays like Cr~ 2 . The 
careful addition of more lower order terms to the exponent drives the potentials to decay faster and faster. Induction is 
used to establish each addition term in the exponent. It is interesting to note that the constructions for Theorem |2]|B1 
are real-valued when the eigenvalue A is real-valued. This is not the case for Theorem|2]|a) in which the constructions 
rely heavily on complex values, even when the eigenvalues are real. These proofs are presented in Section 

We will now explain why the extra restriction on A for the case when J3 C < 1 is reasonable (when we restrict to 
W = 0). A classical result of Kato in ifTSll shows that if lim = 0, then the operator — A + V has no positive 

.V— !-oo 

eigenvalues. This rules out the possibility of constructing eigenfunctions for A > and j3 6 = 4 ~ 3 2jv < |. To eliminate 
the other possibilities, we need to use the following lemma, which is a Corollary to Theorem 2.4 in ifTll . 

Lemma 1.1. Suppose V is o (r^ 1 / 2 ) on W\B R (0). If-Au + Vu = Am, then either e ar u £ L 2 (W \B R (0)) for every 
a > ^/max{— A,0}, or u vanishes outside a compact set. 

Assume that we could construct a non-zero eigenfunction u such that —Au + Vu = Am, where A > 0, \V(x)\ < (x)~ N , 
for some N > 1/2 and \u(x)\ < exp (— c\x\) for some c > 0. Since j3 £ < 1, we are in the case that Theorem|2]excludes. 
Without loss of generality, we may assume that m(0) = 1. Since V is o (r- 1 / 2 ) on W\B R (0) for every R > 0, we may 
apply Lemma fm If u vanishes outside of a compact set, then by Theorem[T]|b]i, u must be identically zero, which is a 
contradiction to our original assumption. Therefore, we must have that e ar u ^ L? (K" \ Br (0)) for every a > 0. Since 
this is clearly not true for any a <G (0,c), we get another contradiction. It follows that no such eigenfunction can exist. 

The paper is organized as follows. In Section [2] the Meshkov-type constructions that prove Theorem |2jaJ will 
be presented. Then, in Section [3] we will prove a lemma that gives the necessary functions to prove Theorem |2]E). 
AppendixlAlpresents a technical lemma that is used in the Meshkov-type constructions. 
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2. Proof of TheoremEJTa]) 

To prove Theorem |2jaJ, we will prove Proposition [T]below with a Meshkov-type construction. Some straightfor- 
ward calculations prove Proposition [2] which gives us Theorem [2]|b]l. These propositions show that we do not need 
both potentials. That is, if V is the dominant potential (meaning that the decay of W is faster), then we can construct a 
solution to equation dl.lt with W = 0. And if W is the dominant potential, then we can construct a solution to equation 
(ll.lt with V = 0. We will consider each proposition separately. 

Proposition 1. For any A 6 C, we have the following. 
4 — 2N 

(a) If j3o = > 1, then there exists a potential V and an eigenfunction u such that 



where 
and 



Am + Xu = Vu, 

\V(x)\<C{x)- N 

\u(x)\ < Cexp — c 



|x|A> 
log |x| 



(2.1) 
(2.2) 

(2.3) 



(b) If j3o = 2 — IP > 1, then there exists a potential W and an eigenfunction u such that 

Au + Xu = W ■ Vu, 

where 

\W(x)\<C(x)- p 

and 

\u(x)\ <Cexp(-c|x| ft ) . 

Before presenting the constructions for Proposition [1] we need a couple of lemmas. For X e C, use the principal 
branch to define 



(2.4) 
(2.5) 
(2.6) 



Hn(r) :=exp n 



As we will specify below, « > > r, so 




Xr 2 

1- — -log 2 + 1 



Xr 2 



> 0, so all square root terms are well 



defined (and have positive real part) with this choice of branch cut. Since the argument for the logarithmic term has 
real part greater than 1, that term, and hence the function fi„, is well defined with this branch choice. A power series 
expansion of the exponent gives 

(Xr 2 X 2 r 4 X\ 6 
M»W=exp — 



Whenever 



Xr 2 



v An ' 32« 3 96n 5 
< 1, the power series in the exponent converges everywhere. 



Lemma 2.1. Suppose p is a large positive number (p > po > 0), /3q = — - — > 1, n £ N is such that 



pPo 



logp 



< 1 



and keNis such that 



k-6 ft 



1 



,A)/2 



logpy iogp 



< 10. Let CC = 1 — fy. Then in the annulus [p , p + 6p a ] it is possible 



to construct an equation of the form \2. 1 i and a solution u of this equation such that the following hold: 

(1) \2.2\ , where C does not depend on p, n or k. 

(2) Ifr g [p,p +0.1p a ], then u = r^e'^Hn. 

Ifr g [p +5.9p a ,p +6p a ], then u = ar-^ e - i{ - n+k ^ pL n+h for some a E C\ {0}. 

(3) Let m(r) = max{|M(r, (p)\ :0< (p < 2tz}. Then there exists a c > 0, not depending on p, n or k, such that 



lnm(r) — lnm(p) < — c 



log/ 



dt + ln2 



(2.7) 



for any re [p,p+6p a ]. 



Lemma 2.2. Suppose p is a large positive number (p > po > 0), j3o = 2 — 2P > 1, n£N is s«c/i f/iaf n — p^° < 1 

and k£ N is such that k — 6j3op^ 0,/2 <40. Let a = 1 — Then in the annulus [p , p + 6p a ] it is possible to construct 
an equation of the form K2.4\ and a solution u of this equation such that the following hold: 



(1) ( I2.5D , where C does not depend on p, n or k. 

(2) Ifr G [p,p +0.1p a ], f/ien u = r~ n e' 1 ^ \l n . 

Ifr G [p +5.9p",p +6p a ], ffcen m = ar-^ n+k ^ e -^ n+k ^ pL n+k , for some a G C\ {0}. 

(3) Let m{r) = max{|M(r,<p)| :0< (j? < 27r}. Then there exists a c > 0, not depending on p, nork, such that 

lnm(r) -lnm(p) < -c [ A^dt + ln2 (2.8) 

for any re [p,p+6p a ]. 



P 



Since these lemmas are so similar, it is not surprising that their proofs are as well. We will present the more 
complicated proof first, that of Lemma |2~TI We will then show the proof of Lemma l2~2l 

Proof of Lemma \2~l\ As r increases from p to p +6p a , we rearrange equation (12.1) and its solution u so that all of 
the above conditions are met. This process is broken down into four major steps. 

Throughout this proof, the number C is a constant that is independent of p, n and k. 
Stepl: re [p,p + 2p a ]. During this step, the function u\ = r~ n e~"" p jj.„(r) is rearranged to U2 = -br~ n+2k e lF ^ [i n _2k{r) 
both of which satisfy an equation of the form (12. U . where b is a complex number and F is a function that will be defined 
shortly. 

Let (p m = 2nm/(2n + 2k), for m = 0,l,...,2rt + 2&- 1. Then =Q k ~ l is the set of all solutions to e~ i " <p - 

e i(n+2k)<p _ Qn | < ^ <27r}. Let 7 = n/(n + k). On [0,7], we define / to be a C 1 function such that f((p) = -4k 
for (p £ [0,7/5] U [47/5,7]. We also require that / satisfies the following: 

-4k< /(<p) <5k, 0<<p<T, (2.9) 

T f((p)d(p=0, (2.10) 



o 

1/(9)1 <Ck/T =Ck{k + n)/n, < <p < T. (2.11) 
We extend / periodically (with period T) to all of K and set 

*(?)= T/w^- 

Jo 

By ( 12.10b . 4> is 7 -periodic and 4>((p m ) = 4>(m7) = 0. Furthermore, <I> is 27T-periodic. By ( I2.9M2.1U . the following 
facts hold for all ^eK: 

|*(9)| <5kT = 5nk/(n + k), (2.12) 
\&(<p)\<5k, (2.13) 
\®"(q>)\<Ckn. (2.14) 



Also, for all 9 G {|9 - (p m \ < 7/5}, 



where b m is some real number. 
Set 



4>(<p) = -4k((p - (p m ) = -4k<p + b m , (2.15) 



F(q>) = (n + 2k)<p + ®(q>). (2.16) 
If |9 - 9m| < 7/5, then m 2 = -Z>g ! ' 6 m r -(»-2&) e ;(n-2*)<p > Atn _ 2t ( r ). 
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Choose b = (p + p a r 2k M " F , F ' so that | Ml (p +p a ,<p)| = \u 2 {p + p a , <p)\. Since \u 2 (r,<p)/m(r,<p)\ = 
M»-2HP + P J 



then by the assumptions on and p and the behavior of /i„ and \i n - 2 k, 

|«2(r,9)/«i(r,9)| <e- c , re[p,p + §p a ] (2.17) 
| M2 (r,(p)/ Ml (r,(p)|> e c , re [p + f p a ,p +2p a ] . (2.18) 



Choose smooth cutoff functions \\f\, \\f 2 , y/3, V4 sucn that l/i (r) = 



1 if r<p + ±p a 
if r>p + jp a 



, < / if r<p + ip a f 1 if r<p + ^p a , , . / if r<p+0.1p a 

r w \ 1 if r>p + |p a r w | if r>p + 1.9p a r w \ 1 if r>p + \p a 
over, we require that 

Q<\Vi{r)\<\ and |^ W WI<Cr" 7 ' a Vr G R + ,i= 1,2,3, 4,j = 1,2. (2.19) 

Let 



When a,b = n + 6 (A:), we see that 



- i log (2 vV-ArVr^-Ar 2 + 2A r 2 - a 2 - r/ 



0(r) = €?(logr) 
f (r) = ^(V-^logr) 2 ) 



(»"(r) = £?(r- 2 ^(logr) 2 ) 



We set 

u = y\u\ exp {^n.n-ik) + V^2«2exp (y30/i,n-2*) ■ 

For the rest of step 1, we will abbreviate 0„.„_2A- with (p. 

Step 1A: re [p,p + |p a ]. 

Since y/i = 1 and 1//3 = 1/4 on the support of y/ 2 , then on this annulus, 

u = Miexp(y/40) + y/2«2exp(^3^>) = [mi + yiz^] ex P ( V4 0) ■ 

Therefore, by (l2~T7l . 

exp(-y/40)|w| > |«i|-|«2| > (l-e~ C )|«i| >e c '\u 2 \ > 0. (2.20) 

We see that 



Aw + Am= +Si)«iexp(v4^), 
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where 



\-2J{n-2kf-Xr 2 

v4 * + v/ 2 - wi 



8nk + 2(n + 2k)& + (4>') 2 - i<S>" 



sj(n-2k) 2 -\r 2 



V n 2 — Ar 2 



«2 
"1 



(2.21) 



£>, =2 



V n 2 — Ar 2 



W2-V2 



(n-2k) 2 -Xr 2 



"2 
"I 



K0 + V4f ) 



"2 

1 + ^2 — 
Ml 



+ - (t/^0 + v/ 4 f) + (i// 4 + i// 4 ^') 2 + W'0 + 2V^0' + V40") 
= ^ ^ r 3 A)/ 2 - 2 ^) , (2.22) 

LetV = (£), M ' ex P(^40) sothatby j220t , jZIB and dZ22t , [V I < Cr 3 ^/ 2 " 2 = Cr -JV . This completes step 1A. 

Step IB: re [p + |p a ,p +2p a ]. 

Since 1^2 = 1 an d V3 = V* on t ^ le support of then on this annulus, 



On this annulus, by ( 12.18| >. 



We see that 



M = Miexp(^40) + i^2«2exp(^30) = [yi"i+ M 2]exp(y/30). 
exp (-^30) M > |"2| - > (1 -<?~ C )|«2| > e c '\u\ \ > 0. 
Am + Aw = (Ei +E\) M2exp(v/3^)) , 



(2.23) 



where 



1L 



l-2 V / « 2 -Ar 2 )+v/;' + n 



\A; 2 -Ar 2 



"1 



U2 yJ(n-2k) 2 -Xr 2 



8nk + 2{n + 2k)<S>' + (4>') 2 - /4>" 



^(«-A/ 2 - 2 ) 



(2.24) 



£i=2 



, Ul Vn 2 -Ar 2 Ml V(«-2fc) 2 -Ar 2 

^ y x 

U2 r U2 r 



(</ 3 + ^30') 



- (l^0 + B0') + (^30 + ^30') 2 + (K0 +2^30' + V30") 



. / r 3ft/2-2^ 



vi — 1-1 

M 2 



(2.25) 



Let V = (£1 +E l ) " 2ex P^30) sq that by (f221 and d2T25b , |V| < Cr 3 ^ 2 - 2 = Cr~ N . This completes step IB. 



Step 1C: re [p + §p a ,p + \p a ]. 

On this annulus, y/j = 1 for j = 1, ... ,4, so 



M = ( Ml + M2 )exp(0) = (r-" e - in V» (r)-br-" +2k e iF ^iin-2k(r)) exp(0) , 



Since u% = —br «+ 2k e '( n 2k ^ ju„_2t(r) on { \<p — (p m \ < t } for m = 0, 1, . . . ,2n + 2k — 1, then we will first consider 
these regions. We have 

Au + Aw = J\u, 

where 

A A 0' 



./i 



y/(n~2k) 2 -Xr 2 Vn 2 -Xr 2 



+ \ + ^ + (f ) 2 + f = ff (r-A log r) 



(2.26) 



—A' 



As long as po >> 1, then V = 7i < Cr 
Now we will consider the annular sectors 



{T AT 1 

(r, (p) : r G [p + |p a , p + f p a ] , (p m + - < <p < <p m + — L for m = 0, 1, . . . , 2n + 2k - 1 



Notice that 

| M | = |fer-"+ 2 V„-2A.Wexp(0)| 



,i(F(<p)+n«p) 



P« 



br 2k fl„_ 



2k 



l«2||exp(0)| 



-2*. 



J(F((p)+n<p) _ r _ M« 

fcPn-2* 



(2.27) 



We study the behaviour of S((p) = F(<p) +n(p. On the segment [<p m , p m+ i], by ( 12.16b . S(<p) = (2n + 2k)(p + <&((p). 
Thus S(<p„,) = 27TOT and S(<p m+1 ) = 27r(m + 1). Moreover, 

S'((p) =2n + 2k + &{(p) =2n + 2k + f{<p). 

By d2.9t and the conditions on n and A:, it may be assumed that S'((p) > n > 0. That is, S increases monotonically on 
[<Pm,<Pm+i\ - Therefore, if 

cpm + T/5 <(p<(p,„ + 4T/5, 

then 

2nm+'^- <S(q>) <2n(m+l)-'^-, 



or 



2nm+ _ nn , N <S(<p) <27r(m+l) 



Since = ^(w 1 / 2 ), then for cp e 



Pm + -5! Pi 



5(n + A:) 

5~ 



5(n + k) 



we may assume that 



27Cm+j <S{(p) <2x(m + V)--. 



From Lemma [A~T| and ( 12.281 1, it follows that 



1 



M<p) _ r 2 V" 

7t 



1 



> - sin ( — ) . Therefore, by ( 12.271 , 



Then 



where 



\u{r,(p)\ > -|«2(^<?>)||exp(^)|sin^yJ , {r,(p)£P m , m = 0,l,...,2n + 2fc-l. 
Au + Am = J\u +K\U2exj)($) , 



(2.28) 



(2.29) 



8nk + 2(n + 2k)<& + (4>') 2 - /*" 



r 3ft/2-2 

(logr) 2 



(2.30) 



Let V = J] + K l U2exp ^\ It follows from (|23St . (12^291 and < |230l that |V| < Cr 3 */ 2 " 2 = Cr" w . This completes 
u 

step 1C. 

Sfe/?2: r e [p +2p a ,p + 3p a ]. The solution u 2 = -br~ n+ ' lk e iF ^ p„_ 2 t(r) is rearranged to m 3 = -br- n+lk e^ n+2k ^ pL n _ 2 k{r)- 



Choose a smooth cutoff function y such that y(r) 



1 r<p + |p a 
r>p + |p a 



and 



|V W W|<Cr^ a 7=0,1,2, re 

1 



(2.31) 



Set u = -br~ n+2k expi [\j/(r)®(<p) + (n + 2£)p]/i„_2*(r). Then 



Am + Am = Dju, 



where 



D 2 



%nk 



0'*) 2 + /4> 



y + v" 



2 {n + 2k)y& (v/4>') 



A 



, J(n-2k) 2 -lr 2 ial ~ 
2/1/*-^ = G{n-k- r 2 ) 



v / (n-2k) 2 -Xr 2 

Let V = D 2 so that by d2~32l ), |V| < Cr 3 */ 2 ^ 2 = Cr _JV . This completes step 2. 



(2.32) 



Sfep 3: r e [p + 3p a ,p +4p a }. The solution m 3 = -br-" +2k e i{n+2k ^ pL n - 2 k{r) is rearranged to m 4 = _fc ir -"-2V(«+2*)«?> H„+2k{r). 
Choose a smooth cutoff function y/ such that y(r) = 

„-4fcMn+2fc( r ) _ 



(p + 3py M»-2,(p + 3p«) sQthatg(r)=dr - 



1 r<p + — p a 

P > p + p a ^ sat ^ s ^ es condition (12.3 lb . Let <f = 



Set b\ = bd. Let 



Hn+2k(P+3p a Y 



Hn-2k(r) 



Let h(r) = \jf+ (1 - yf)g. Since g'(r) 



4A 



2A/tr 



satisfies 1 > |g(r)| > e~ c for all r e [p + 3p a ,p +4p a ]. 



«3 r<p + ^p a 
m 4 r > p + ^-p" 

'/tr 3 



4A- 



2A/t 



(n + 2k)(n-2k) 



16k 2 



\6Xk 2 



(n + 2k)(n-2k) 



(n + 2k)(n-2k) 

\h(r)\>e- C , 

r ft/2-l 



« 4 



|//(r)| <C 
\Ah(r)\<C 



logr 



Then 
where 



D 3 



8nfc A 

v/^ - 2k) 2 -Xr 2 



(logr)" 
Am + Am = D3M, 

A /(«-2Jt) 2 -Ar 2 ft' M 



g(r) and 

r), then for all r e [p + 3p",p +4p a ], 

(2.33) 
(2.34) 

(2.35) 



r h h 

Let V = £> 3 so that by d236l |V| < Cr 3 ^/ 2 " 2 = Cr _Ar . This completes step 3. 



ff(n-k- 



(2.36) 



Sfe/?4: re [p +4p",p +6p"]. The solution m 4 = -b ir - n - 2k e i{n+2k ^ pL n+2 k{r) is rearranged to u 5 =ar-^ n+k )e< n+k ^H n+k (r). 

so that |M 4 (p+5p°y)| = |m 5 (p + 5p°y)l- Since \u 5 {r,q>)/u4(r,(p)\ = 



Choose a = b l (p+5p a )- k ^" +2k{p+5pa) 



Hn+k(P+5p C 



Ll„+2k(p+5p a ) li n +k{r) 



then by the assumptions on k and p, 



p + 5p a J H„ +k (p+5p a ) li n+2 k(r) 

\u 5 (r,<p)/u 4 (r,<p)\<e- c , re [p +4p a ,p + ^p a ] 
\u 5 (r,( P )/u 4 (r,( P )\>e c , re [p + f p",p +6p a ] . 



(2.37) 
(2.38) 



Choose smooth cutoff functions \ffi, y/2, V4 sucn that i//i (r) = 



if r<p + ^p» , , 

1 if r>p + |p« 



if r > p+5 .9p 
over, we require that each cutoff function satisfy condition ( 12.191 ). 



1 if r<p + ^-p a 



1 if r<p + ^p a 
if r>p + fp a ' 

a andv/ 4 (r) = 



if r<p+4.1p a w 

, - e Z , 13 a ■ More- 

1 if r>p + -yp a 



We set 

U = V/iM 4 exp (\j/4<l>n+k,n+2k) + V^exp {^ n +k, n +2k) ■ 

For the rest of step 4, we will abbreviate ty„+k. n +2k with (j>. 

Step 4A: r S [p +4p a ,p + -yp a ] . Since \\i\ = \ and ty/3 = V4 on the support of y%, then 

// = M4exp ( y/4</>) + i^2 M 5 ex P ( V30) = ["4 + V2.U5] exp (V40) • 

On this annulus, by (12. 37b . 

exp(-i/A 4 0) \u\ > |m 4 | - |m 5 | > (1 -e~ c )\u 4 \ > e c '\u 5 \ > 0. 



(2.39) 



We have 



where 



Au + Xu = (D 4 +D 4 J «4exp(\//40), 



£>4 



V / (n + 2k) 2 -Xr 2 
ff(n-r^ 2 - 2 ) 



y 2 X 



V2 . W , 2^{n + k) 2 -Xr 2 

r V2 r ^ ^{ n + k) 2 -Xr 2 



«5 
"4 



(2.40) 



D 4 =2 



v / {n + 2k) 2 -Xr 2 



W2-W2 



yf{n + k) 2 -Xr 2 



M5 
LI4 



{V^ + m<t>') 



u 5 

1 + ^2 — 
U 4 



- (Xj/^ + Xj/^') + (^40 + V4</>' f + W> +2^' + Ytf") 

= 0^/2-2} 

Let V = (D 4 + D 4 ) "4 exp (^40) so ^ fey _ j^^ ^ iyi < Cr 3/3 /2-2 = Cr -iV This completes step 4A. 

Step 4B: re [p + ^p a ,p +6p a ] . 

On this annulus, since y/ 2 = 1 and 1//3 = 1//4 on the support of y/\ , then 

U = l//i«4exp(y/40) + M5exp(v/30) = [l^iK4 + K5]exp(l//30). 

By (E3E 



(2.41) 



We have 



where 



£4 



exp(-i^30) \u\ > \us\ - \u 4 \ > (1 — e C )\m\ > e c '\u 4 \ > 0. 
Au + Xu= (E 4 +E 4 ) W5exp(v/30) , 

A 



(2.42) 



, ^(n + 2k) 2 -Xr 2 



Wi 



sf{n + 2k) 2 -Xr 2 



"4 



«5 y/(n + k) 2 -Xr 2 



(2.43) 



£4 = 2 



^ v /(» + 2fc) 2 -A r 2 \ u 4 ^J{n + k) 2 -Xr 2 



"5 



(l/ 3 + l//3f ) 



«4 , , 
"5 



(l/^0 + y/30') + (^30 + W3^>') 2 + +2^0' + l//^" ) 



Let V = (E 4 +E 4 ) Msex P(V / 30) sQ that by , [242t - d244l i, | V| < Cr 3 */ 2 " 2 = Cr -iV This comp i et es step 4B. 
Step 4C: re [p + ^p" ,p + %p a ]. 



(2.44) 



On this annulus, since all cutoff functions are equivalent to zero, u = (114 + us) exp (0) and 

Am + Am = J4U, 

where 

h = X ■ + ; \ + - + U>'f + 0" = {r~ h togr) , (2.45) 

As long as p >> 1, then with V = J 4 , \V\ < Cr~ N . 

We now prove the last statement of the lemma. We first define a function M(r) that will help estimate m(r) = 
max.{\u(r,<p)\ : < <p < 2n}. Let 

r- n ^(r)exp(^40„,„-afe) P<r<p+p a 

br-" +2k Hn-2k(r)exp {y^n-ik) P + p a < r < p +2p a 

br-"+ 2k ii n _ 2k ( r ) p+2p a <r<p + 3p a 

b r -"+ 2k n n _ 2k (r)h{r) p + 3p a < r < p +4p a ' 

b ir -^ +2 ^n n+2k (r)exp (Y4<h,+k,n+2k) P +4p" < r < p +5p a 

ar - {n+k ^ii n+k (r)exp {^ n +k,n+7k) p +5p a < r < p +6p a 

Note thatM(r) is equal to the modulus of the functions u\, . . . ,145 from which our solution u(r, <p) is constructed. Also, 
M(r) is a continuous, piecewise smooth function for which m(r) < 2M(r) and M(p) = m(p). Therefore, 



M(r) 



lnm(r)-lnm(p) < ln2 + lnM(r) -lnM(p). 



X- 2 '- 4 



Since \i n (f) = exp ( + 6 \~3JJ' ^ = @{ r ^ 2 ~ l )< = ^( io S, r ) and 0'M = ^(~t)' then everywhere on 
[p , p + 6p a ], except at a finite number of points where M(r) is not differentiable, we have 



; lnM(r) = - n + g W + , Q + „ ( r A,/2-i logr ) < 



-c- 



dr r \nJ V / — logr ' 

by the conditions on n, k. Therefore, 

rr rr [Po-l 

lnm(r) -lnm(p) < ln2+ / (lnM(t))'dt <ln2-c / rff, 

Jp Jp logf 

proving the lemma. □ 

Remark. If A = 0, then /i. = 1 and <j). = 0, so the above construction simplifies greatly. If fact, if we take n ~ p^° 
and k ~ pft>/ 2 , then condition ( 12.2b is satisfied and we get (12.8b as we did with the previous construction. 



We will now present the proof of Lemma 12. 21 the slightly less-complicated construction. Many of the steps in this 
proof are identical to those in the proof of Lemma l2~T1 so we will often refer to them. 

Proof of Lemma \2~2\ As r increases from p to p +6p a , we rearrange equation (12. 41 and its solution u so that all of 
the above conditions are met. This process is broken down into four major steps. 

Throughout this proof, the number C is a constant that is independent of p, n and k. 
Stepl: r£ [p,p + 2p a ]. During this step, the function u\ — r~ n e~ m<f \l n {f) is rearranged to u 2 = -br^ n+2k e lF ^ ji n _ 2k (r), 
both of which satisfy an equation of the form ( 12. 4t , where b and F are as in the proof of Lemma |2~T| 

Choose smooth cutoff functions \jfi, \j/ 2 as in step 1 of the proof of Lemma |2~T1 We set 



Step 1A: re [p , p + |p a ] . On this annulus, l/i = 1 and by ( 12.171 ), 

\u\ > |«i| - |«z| > (1 -e- c )\ Ul \ > e c '\u 2 \ > 0. (2.46) 
Let W = w(i sin <p, —/cos 9) for w to be determined. Then 

W ■ Vu — wd\U\, 
Am + Am = D\U\, 

10 



where 

n n + 2k + 4>' u 2 

d\ = — + W2 - 

r r u\ 

and D\ is as in ( 12. 2U . Since — 

Ml 

\W\ < Cr^l 2 - 1 = Cr p . This completes step 1A. 



r Mi V / 
< e~ c then rfi^O and > Cr ft_1 . Let w = -i so that by (E37) and (EZD, 



Sfe/? 75; r e [p + f p",p +2p a ] . On this annulus, V2 = 1 and by A2.18K 

|«| > |«2|-|«l| > (l-e _C )|M 2 | >e c '|Mi| >0. (2.48) 
Let W = w (/ sin <p, — /cos <p) for w to be determined. Then 

W ■ Vm = weii/2, 
Am + Am = £iM2, 

where 

nui n + 2k + & 

— - + 

r U2 r 

Ml ' 

m 2 e\ 



e\ = - Vi- 



and £i is as in ( |2.24t . Since 



'(V^ 1 ), (2.49) 
< e~ c then e\ ^ and |ei| > CV ft_1 . Let w = — so that by (|2~49l and j224l . 



|W| < Cr^/ 2-1 = Cr p . This completes step IB. 

Step 1C: re [p + |p a ,p + \p a ]. 
On this annulus, Vi = 1 = W2, so 

m = mi +m 2 = r-'e-^^ (r)-br-» +2k e iF ^lln-2k(r), 
Let W = w\ (cos 9, sin <p) + W2(/sin<p,— /cos<p) for wi, W2 to be determined. Then 

W ■ Vm = Wi^Jmi + W2j\U\ + W\j\U2 + W2j\ui, 

Am + Am = 7imi +7iM2, 



where 



^— ^ = ^-1), (2.50) 
r 

;i=-" = ^(»*~ 1 ), (2.5D 



il = - V^Hgg EE ^^i), (2.52) 

7? = ^^ = ^- 1 ), (2.53) 
/i = — — — = ^ ( r~M , (2.54) 



If we let 



Wi 



w 2 



Ji = - = - 8»fr + 2(„ + 2^ + (OQ 2 -^ = , ^ 

v /(«-2/t) 2 -Ar 2 r 2 \ J 



fi Jl fill = - _ fijA = e{ r ^l 2 - x 

)\]\-}Xh ny/{n - 2k) 2 -Xr 2 + {n + 2k + V« 2 - Ar 2 V 7 V 

j}/i-jVi = r 2 

/■/' ./y./) ny /{n - 2k) 2 -Xr 2 + (n + 2k + 4>') V« 2 - Ar 



li 



then ( t2~4b is satisfied. Since j3o/2 - 1 = \ {2-2P) - 1 = -P, then we see that |W| < Cr - ^ This completes step 1C. 

&e/?2: r e [p + 2p",p + 3p a ]. The solution m 2 = -br n+2k e iF{ -^ n„- 2 k{r) is rearranged to m 3 = -br- n+2k e i{ - n+2k ^ pi n _ 2k {r) 
by setting m = — br~" +2k expi [i//(r)4>(<p) + (« + 2£)<p] J ii„_ 2 ,t(r), as in the proof of Lemma |2. 1 1 Let W = w(cos<p,sin<p) 
for w to be determined. Then 

W ■ Vm = wd 2 u, 
Au + Am = Z) 2 m, 

where 

d 2 = _ V(»- 2fc ) 2 ~^ 2 + ^ = „ ( rft) -i) ; (2 . 56) 



andD 2 is as in ( 12.321 ). By the conditions onn and A:, d 2 ^ so |d 2 | > Cr^ -1 . Let w = — ^ so that by ( 12.561 ) and ( 12.321 ). 

"2 

|W| < CA/ 2 - 1 = Cr p . This completes step 2. 

Sfep 3: r g [p + 3p a ,p + 4p"]. The solution m 3 = -br-" +2k e iin+2k ^ii n _ 2k (r) is rearranged to m 4 = -b l r-"- 2k e^" +2k ^ ix n+2k {r) 
by setting m = M3 + (1 — = u^h, as in Lemma [2~T1 Let W = w (cos <p, sin 9) for some w to be determined. Then 

W ■ Vm = w^3M, 
Au + Am = D3M, 

where 



^ 3 = _V(n-2^-^ = 

r h \ J 

and D3 is as in ( 12.361 ). By ( |2.341 i and the conditions on n and k, dj, ^ so that |d 3 | > Cr^ 0_1 . Let w = — so that by 
d237b and ( t236b . |W| < cAI 2 - 1 = Cr p . This completes step 3. 

Step 4: r e [p +4p",p +6p a ]. The solution 114 = -b l r-"- 2k e i(n+2 Vf H, l+2k (r) is rearranged to u 5 =ar- in+k ^e- iin+k ^ix n+k (r). 
Choose smooth cutoff functions y/\ and y/ 2 as in Lemma |2~T1 and set 

Step 4A: r G [p +4p a ,p + jP a ] ■ 
On this annulus, by (12.37b . 

\u\ > \u4\-\u5\ > (l-e~ c )M >e c '\u 5 \ >0. (2.58) 
Let W = w(i sin <p, — /cos <p) for w to be determined. Since y/i = 1 in this annulus, we have 

W ■ Vm = \vd4u4, 
An + Am = D4M4, 

where 

« + 2£ 7!+&M5 

r M4 



M = l/Aj M4 + V^2«5- 



d4= 'l±^- V2 n _±Jl u jL = 0( r ^) j (2 . 59) 
r r M4 V / 

and D4 is as in (12.401 ). Since 



«5 
M4 

Cr po/2-i _ c r -f This completes step 4A 



< e~ c , then \d A \ > Cr#> _1 . Let w = ^ so that by (l2~59b and d2~40b . |W| < 

"4 



Sfe/? 45; r e [p + ^p a ,p+6p a ] . 
On this annulus, by ( 12.381 ). 

\u\ > \u5\-\u4\ > (l-e~ c )H >e c '\u 4 \ > 0. (2.60) 
12 



Let W = w(i sin <p, —/cos 9) for w to be determined. Since 1//2 = 1 in this annulus, we have 

W ■ Vm = weAii^ , 
Am + Am = .E4M5, 

where 

n + 2k ua n + k „ / a A 



r m 5 



(2.61) 



and £4 is as in ( 12.43b . Since 



O p . This completes step 4B. 



< e- c , then |e 4 | > Cr*" 1 . Let w = — so that by (|23B and flggl , |W| < Cr^ 2 ' 1 = 

e 4 



Step 4C: re [p + ^p a ,p + fp a ]. 

On this annulus, u = ua + M5. Let W = Wi (cos <p,sin<p) + vv2(/sin<j!>, —/cos <p) for w\, w 2 to be determined. Then 

W ■ Vm = W1./4M4 + W274W4 + w\j\u 5 + w 2 jlu 5 , 
Am + Am = 74M4 + 74M5, 



where 



./I 



.71 



./4 



•/4 

h 





+ 2k) 2 -Xr 2 




r 


n + 2k 
r 






+ k) 2 -Xr 2 




r 


n + k 






r 




A 


V( n + 


2k) 2 -Xr 2 




A 




k) 2 -lr 2 



.-Ik 



(2.62) 
(2.63) 
(2.64) 
(2.65) 
(2.66) 

(2.67) 



If we let 

"'1 



\r 2 











Ar 


■1 32 
74^4 




vV 




-Ar 2 v /(« + 2/t) 2 -Ar 2 


= ff(r 


-2ft ^ 










- 74-^4 








An 

= <?(r 


•2 1 ~~ 
"7474 

-5ft/2^ i 


vV 


h/t) 2 


-Ar 2 v /(« + 2/t) 2 -Ar 2 



(n + k) y/(n + fc) 2 - A r 2 + (w + 2k) y/{n + 2k) 2 -Xr 



Xrk(2n + 3) 



then dZ4] i is satisfied. Since j5 Q > L then 1 - 2j3 < fk/2-1 and |W| < Cr~ p . This completes step 4C. 

We now prove the last statement of the lemma. We first define a function M(r) that will help estimate m(r) 
max{\u(r,(p)\ : < <p < 2k}. Let 

r~ n )J, n (r) P<r<p+p a 

br-^-^H^kir) P+P a <r<p + 3p a 

M{r) = \ br- n+2k H„-2k(r)h(r) p +3p a < r < p +4p a . 

b ir -("+ 2k ^ii„ +2k ( r ) p+4p a <r<p+5p a 

ar -(n+k) ju n+jfe ( r ) p+5p" < r <p+6p" 
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Note thatM(r) is equal to the modulus of the functions u\, . . . ,u$ from which our solution u(r,q>) is constructed. Also, 
M(r) is a continuous, piecewise smooth function for which m(r) < 2M(r) and M(p) = m(p). Therefore, 



lnm(r) -lnm(p) < ln2 + lnM(r) - lnM(p). 



Since ji„(r) = exp + @ ) 
M(r) is not differentiable, we have 



dr r 



■ e 



-rrPo- 1 



< -CP 



□ 



by the conditions on n, k. Therefore, 

lnm(r)-lnm(p) <ln2+ f (lnM(t))'dt < ln2 - c [ t^ x dt, 
J p Jp 

proving the lemma. 

We now use the lemmas to construct examples and prove PropositionQ] 

Proof of PropositionUl We recursively define a sequence of numbers {pj}, =1 . For p\, we choose a sufficiently large 
positive number. Then if Pj has been chosen, we set pj + \ = Pj + 6p". Suppose that N and P are chosen so that 



4-2N 

p Q = — - — > 1. We then let nj 
estimate kr. 



Pj 



Pj 



logp 7 J log pj 



Sj and kj = rij + \ —nj. In order to use Lemma |27T| we must 



Pj 



logP/+i log pj 
(Pj+6pfP pf° 



log (pj + 6pfj l °ZPj 



£j - £/+i 



P? 
logP/ 

_r±_ 

log Pj 
log Pj 



(l+6p ; c 



a-u 



io g (i+6 P ; 

log Pi 



-i 



-1 



-A, 



1 + 6A>P" _1 + 18/3o(A) - l)py 
1 



2a-2 



3a-3- 



6p) 



a-l 



logPy 



■ e\ 



,2a-2 s 



log Pi 



6 ft— pf'llSWft-l)^ 



,2a-2 



Pj 



2ce-2 s 



= 6 j3 - 



logpj 

1 \ pf o/2 , 18j3 (A,-l) 



logp.// logP; l°gP; 



(logp./)' 



logp; 

h^(l) 



<6 J3 



1 



Pj 



ft/2 



logp// l°gpy 



10, 



for a sufficiently large p\. Therefore, 



kj-6[ A) - 



1 



P./ 



b/2 



logp 7 7 logP./ 



< 10. 



If and P are chosen so that j3o = 2 — 2P > 1, then we let nj = Lpf°J = pf° — e / an d = n j+i ~ »/■ I n order to use 



-1 



-A. 



Lemma I2T21 we must estimate kf. 



k j=Pj%-Pj+Zj-Zj + i 
= {p j + 6pf)^-pf-K e 

=pf> Ui+epf-^-i 



= p p° 1 +6ftp;- 1 + i8ft(A> - i)pf - 2 + ^(pf - j ) - 1 



6j3 pf° A + 18A)(j3o-l) + ^(p; 



,-ft/2 



<6j3 pf o/2 +40, 



for a sufficiently large p\. Therefore, 



Po/2 



<40. 



We define a C function 



For j = 1,2,.. ., we let m ; denote the solutions of equations of the form ( 12. Il l or (12.4) . denoted by L,m 7 - = 0. By 
Lemma l2~T1 and Lemma l22l these equations and their solutions be constructed in the annulus {pj < r < Pj+i}- Note 

that uj(pj,<p) = p) " <■ '" °U„ (pj) and Uj(p j+1 ,(p) = a ; P J - H "i +1 ^ i " J+1, 'ft J+1 (pj+i)- 

Set po = and denote by got/) a smooth function in [0,pi] such that go(r) = r" 1 in a neighbourhood of while 
go(r) = r _ni in a neighbourhood of the point p\. We suppose also that go(r) > on (0,pi). Let mo = go(r)e~" ll ' ( ' 'jJ,, H (r) 
and denote by Lo«o = the equation of the form d2.U or (12.4b which the function uq satisfies. 

We define a differential operator L in R 2 by setting L = Lj for Pj < r < Pj+i, j = 0, 1 , 
m on M 2 by setting m(7, <p) = «y(r, <p) if pj < r < Pj+i, j = 0, 1, and 

if Pj < r < Pj+\, j = 2,3,.... Then it is clear that m satisfies Lu = in M 2 . 

We must now estimate |m|. Set m(r) = max{|i<(r, <p)| : < <p < 2n}. For a given r G ] 
Pc < r< pt+\. Then 

lnm(r) =(lnra(r) — lnm(pf)) + (Inm(pc) — lnm(p^_i)) 
H h (lnm(p 2 ) -lnm(p!)) +lnOT(p!) 

4-2N 

If j3o = , then by Lemma |2~T1 for sufficiently large r, we have 



we choose feZso that 



lnm(r) < ^ln2 — c 



Pi 



logf 



dt + lnm(pi). 



Since ^ < r and j3o > 1, then we get 



Therefore, 



\nm(r) <C — c 



m(r) < Cexp —c 



logr 



logr 



and ( 12.31 l holds. If /3o = 2 — 2P, then by Lemma [2~2l for sufficiently large r, we have 

lnm(r) < l\nl-c f A~ l dt + lnm(p 1 ). 

Since i < r and /3q > 1, then we get 



Pi 



In m(r) <C-cr ft 



Therefore, 



m{r) < Cexp (-cr' 3 ") , 
so ( 12.6b holds. This completes the constructions of the examples for Theorem|2]|a]i 
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□ 



3. Proof of Theorem[21[b]) 



The following lemma is based on the observation that U\ (r) = exp (sgn (argA) \] — Ar) satisfies an equation of the 
form ( II. U with either V = Cr -1 and W = 0, or V = and W = Cr -1 . And whenever A e C with argA e [— 7T, 7r) \ {0}, 
l M i ( r ) I ^5 ex P i~Cr)- By adding lower order terms to the exponent of u\, we can make the potentials decay faster and 
faster. This lemma serves as the main building block in the constructions that prove Theorem 0b) 



Lemma 3.1. For any m £ N, there exists a function u m such that 



Au m + Am,, 



r m+ 1 



*2(m-l) 
r 2(m-l) 



(3.1) 



/or some constants d m ,d m+ \, . 
R m such that 



*2(m-l) 



G C. Furthermore, if A £ C\M>o f/zen f/iere exist positive constants C m and 



(x)\ <exp(-C m |x|) ; 



u m (r) 



^ Cm i 



(3.2) 
(3.3) 



/or a/Z |x| > R m . 

We will prove Lemma [3~Tl bv induction. All of our functions depend only on the radius. 



Proof. For A £ C, we write A = |A|e iarg/ '', where argA £ [— 7l,%). By our restriction, argA 7^ 0. 
Base cases: Let «i (r) = exp(/i(r)), where /(r) = sgn (argA) \f— Ar. Since 9£ (sgn (argA) \/— A) < 0, then condi- 
tions d3.2| >-( |33T > are satisfied with R\ equal to any positive number. Also, 

^+a = ^/;+/ 1 " + (/o 2 +a 

u\ r 

n - 1 / 

= sgn(argA) V — A — A +A 

_ (»- 1) sgn (argA) \/^A 
r 

so condition ( 13.11 ) is satisfied. This completes the case m = 1 . 

Let «2 (r) = exp (/ (r) — logr). Since / (r) = sgn (argA) V— Ar, then it is possible to choose /?2 and C? so that 
d3~2l l and ( TOl hold. We see that 

A«2 n—lf 1 — — « — 1 \ n — 1 / / — — « — 1 \ 2 
— +A = — — I sgn(argA) v -A — I + + I sgn(argA) V~A - I +A 

( W _!)(„_ 3) 
4r 2 

which completes the case m = 2. 

Inductive hypothesis: For any m > 2, we will assume that there exists a function u m (r) = exp(/„ (r)) such that d3.1| ) 
and d3.2| ) are satisfied. That is, 

^ j;h vm/ ^., n r 2{m— 1)' 

where /„, takes the form /„ (r) = C] r + C2 log r + C3r~ 1 + . . . c„,r 2 ~"\ If 9t (ci) < 0, then there exist constants C m and 
R m so that Ot-d33t holds. 
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Let u m+ i (r) = exp (f m (r) + c m+ \r l '") for a constant c m+ \ to be determined. Then 
Au m+ i 



-X 



I - /m+1 + /m+1 + (/m+1 ) + ^ 



(1-1 r , 



- (m- l)c m+1 r-'"] +^ + m(m- l) Cm+1 r-('" +1 ' + [f' m - (m - I) c m+l r-"f + X 



' 1 7 1 f; n +f:+(f! n ) 2 +^ 

[m- (n- 1)] (w- l)c m+ i 

r 77i+ 1 



-2(m- l)c„ !+ i 



r m r m+l 



(m-2)c„ 

Jim— 1 



[(m- l)c m+ i] 



d m -2(m - l)cic m+1 c/ m+ i + [m- in - 1) - 2c 2 ] (m - \)c m+ \ [(m - l)c„,+i]" 



„m+ 1 



Jim 



If we let c m+ i = — — ^— — , then condition ( 13. U is satisfied. Furthermore, we may find /? m +i > C m +i > so that 
2{m — l)ci 

our decay requirements are fulfilled. □ 

With Lemma lXTl we are able to prove the following proposition which immediately implies Theorem|2]|b]i 

Proposition 2. For any X € C \ R>o, we have the following. 
4 — 2N 

(a) If po ~ — - — < 1, then there exists a potential V and an eigenfunction u such that ( 12. 1 \l and H2.2[ hold. 

(b) If j3o — 2 — 2P < 1, then there exists a potential W and an eigenfunction u such that K2.4\ and ( 12.51 ) hold. 
In both cases, 

\u{x)\ <Cexp(-c|je|). (3.4) 



4 — 2N 

Proof. If /3q = < 1 , let m = \N~\ . Otherwise, let m = \P~\ . Since /3q < 1 , m> 1 . Let R m and u m be as in Lemma 



3.11 Without loss of generality, we may assume that R m > 1 . Set 
u m (r) rfr> R,„ 

u (r) = { u m ( R m) tfr< R m and jS - 

V(r) 
W(r) 



Cexp (- ^r 2 ) if r < R m and j3 = 2 - 2P 

d m r- m + d m+l r-(»'+V + . . . + d 2{m _ y} r- 2(m -V if r > R 



a 2{m- l) 



c ir m + ...-{m-l)c m r ^ ' • • T ciA m - l )+...-{m-l)c m r , «- 1 

-hL (cos <p, sin <p) 



if r < R,„ 

(cos<p,sin<p) if r > R„ 
if r<R„ 



4-2/V 



where C is chosen so that u m (R m ) = Cexp [—■j-R 2 n ) . By ( 13.21 ) in Lemma [3~T1 |«(x)| < exp(— c|x 



If j8 = — - — , then Am + Xu = Vu, where |V(*)| < (x)-" 1 < 
By ([33), W is well-defined. If ft = 2 - 2P, then Am + Am = W ■ Vu, where \W(x)\ < (x)-' n < (x 



-p 



□ 
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Appendix A. 

The goal of this appendix is to estimate the size of the imaginary part of and show that it is arbitrarily small. 

The following estimate is useful in Step 1C of the proof of Lemma lXll Without this estimate, our construction would 
only work for real eigenvalues. 

Lemma A.l. For b as in the proof of Lemma \2. 1] there exists a constant C such that for all r G [p + |p a ,p + |p a ], 



Im 



r ""Mr) 
b[l n -ik (r) 



C 

< — . 

n 



In particular, po may be chosen large enough so that 

' r- 2k H„(r) 
b\l n -lk (r) 



Im 



1 (it 



Proof. For a given eigenvalue, A € C, we will let 6 denote the argument of A. That is, A = |A| e' e . Let f = r — (p + p a ). 
For r e [p + |p",p + jP"], we see that r ~ r a = r^l 2 ~ x . Since 

'Xr 1 AV AV 



jl n (r) = exp 



An 32n 3 96« 5 



then 



log 



Hn-2k{r) jU„(p+p a ) 



r 2 -(p+p a ) 



X 2 



r 4 -(p+P°T 



r 6 -(p+P") 



4;; 

r 2 - (p +p c 



32« 3 



(p + p«) 



c^4 



A 3 



96« 5 
r 6 -(p+p c 



4(n-2k) 32(n-2k) 3 96{n~2k) 5 

\[{n-2k)-n]\r 2 -{p+p a ) 2 ] A 2 [(« - 2/t) 3 - n 3 ] \r 4 -(p+p a f 

4n(n-2k) + 
A 3 [(n-2fc) 5 -« 5 ] \r 6 -(p+p a ) 6 



32n 3 (n-2k) 3 



96n 5 (n-2k) 5 



XL 



■{p+p a )(\ 



P+P a 



n(n — 2k) 



3A 2 £(l-2i + f£)(p+p«) 3 r( 



1 + 2(p+p a ) + (p+paf + A-ip+pif 



An(n-2ky 



r(cos0 + /sin0) + ^ , ( — ) (cos + ;'sin0) , 



where T = — 



\X\kr(p+p a )[l + ^ 



n(n — 2k) 

Hn(r) li n -2k{p+p a ) 
Vn-2k( r ) MP+P") 



= e 



Thus, 



1 9 

i+rcose + -(rcose)- 



l ? 

1 +/T sin0-- (r sin0) 2 ■ 



It follows that 



and the result follows. 



Im 



M«W Vn-2k{P+p a ) 



Hn-2k(r) Hn(P+P a ) 



= rsine + ^( -J 

1-> 



□ 
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